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Abstract

New generation mechanism of ULF geomagnetic oscillations observed on the Earth’s surface in seismic zones is presented.
This mechanism is based on the formation of periodic structure of ionospheric conductivity due to acoustic-gravity wave
instability stimulated by DC electric <eld enhancement in the ionosphere. Interaction of the background electromagnetic ULF
waves with such structure leads to an excitation of polarization currents and generation of narrow band gyrotropic waves at
the 0.1–10 Hz frequency range in the ionosphere. The magnetic <eld of these waves can be observed on the ground. Since
the growth of seismic activity is often accompanied by DC electric <eld enhancement on the ground and in the ionosphere,
the suggested mechanism can be considered as a possible source of the seismogenic geomagnetic pulsations generated before
and during earthquakes. c© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

According to numerous publications, an enhancement
of the geomagnetic oscillation intensity at the frequencies
0.01–10 Hz is often observed in the near epicenter zones of
strong earthquakes before the main shock (Fraser-Smith et
al., 1990; Kopytenko et al., 1994; Hayakawa et al., 1996).
Practically, all the mechanisms suggested for explanation
of this phenomenon were connected with di@erent radi-
ation sources situated within the lithosphere (Draganov
et al., 1991; Fenoglio et al., 1994; Johnston et al., 1994;
Molchanov and Hayakawa, 1995). Besides, Alperovich
and Zheludev (1999) found the geomagnetic pulsations
associated with ionospheric sources above the earthquake
preparation zone.

In this paper, new generation mechanism of the seismo-
genic geomagnetic pulsations connected with the radiation
source in the ionosphere is presented. This mechanism is
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based on the excitation of gyrotropic waves (GW) in the
presence of periodic horizontal inhomogeneities of electric
conductivity in the lower ionosphere. These waves <rst re-
ported by Sorokin and Fedorovich (1982) propagate within
thin layer of lower ionosphere along the Earth’s surface in
low and middle latitudes with small attenuation and with
phase velocities, tens to hundreds of km=s. Some geophysi-
cal e@ects of GW are analyzed by Sorokin (1986, 1988) and
Sorokin and Yaschenko (1988).

Chmyrev et al. (1989) found the seismic-related DC elec-
tric <eld disturbances in the ionosphere over the earthquake
zone. The data of electric <eld enhancement up to 20 mV=m
that occurred in the ionosphere are presented in Isaev et
al. (2000). Discussion about possible mechanism of the ob-
servable electric <eld enhancement in the ionosphere was
carried out by Sorokin et al. (2001). It has been shown that
an enhancement of the DC electric <eld at de<nite condi-
tions is accompanied by the generation of periodic inho-
mogeneous structure of electric conductivity in the lower
ionosphere and the formation of geomagnetic <eld, which
aligned with plasma layers in the upper ionosphere with the
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characteristic transverse spatial scale ∼10 km (Chmyrev
et al., 1999; Sorokin et al., 1998; Sorokin and Chmyrev,
1999). Such layers observed by satellite as the variations
of plasma density were reported by Chmyrev et al. (1997).
So a growth of DC electric <eld in the ionosphere before
earthquake leads to the formation of the quasi-periodic
horizontal inhomogeneities of ionospheric conductivity.
Various sources generate the electromagnetic noise at ULF
range. The most powerful are thunderstorms. Oscillating
noise electric <eld forms the polarization currents on the
inhomogeneities of conductivity in the ionosphere. These
horizontal currents with the spatial scale ∼10–100 km are
considered as a source of GW. Generation and propaga-
tion of these waves lead to the excitation of narrow band
electromagnetic radiation on the ground at the ULF range.

According to the electrodynamic model of the seismic
related lower atmosphere and the ionosphere coupling
(Sorokin et al., 1999, 2001; Sorokin and Yaschenko, 1999),
the main cause of the ionosphere modi<cation processes is
the injection of radioactive substances and charged aerosols
into the atmosphere. This leads to:

1. the formation of an external electric current near ground
layer and the electric <eld increase in the ionosphere;

2. acoustic-gravity waves instability and spatial modulation
of the conductivity in the ionosphere E layer;

3. appearance of polarization electric <elds, which propa-
gate into the upper ionosphere and generates the plasma
density variations and the <eld-aligned currents at these
altitudes; and

4. generation of seismic related geomagnetic pulsations that
must be observed on the ground in epicenter region.

Our paper is devoted to question 4. It addresses theoretically
the generation of GW in the 0.1–10 Hz range and focusses
on the reaction of the lower ionosphere and the creation of
geomagnetic pulsations registered on the ground before the
earthquake.

2. Ultra-low-frequency electromagnetic waves in the
lower ionosphere

The electric <eld components E� of monochromatic wave
with frequency ! satisfy Maxwell’s equation:
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The equations of quasi-hydrodynamics for electrons,
ions and molecules in the frequency range 0.01–10 Hz
(Ginzburg, 1967) give Ohm’s law in the following form
(Sorokin,1988):
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where !e; !i are the gyrofrequencies of electrons and ions,
vab is the collision rate of a and b type particles, ve=vei+ven ;

n� is the unit vector directed along the geomagnetic <eld, u=
B(4�MN )−1=2 is the Alfven velocity,G1=g(1+g2)−1; G2=
(1 + g2)−1; g = ve=!e + !i=(vin − i!); ���� is completely
antisymmetric unit tensor, ��� is the unit tensor, each of the
tensor indexes notes the coordinates x; y and z. A product
of the same index tensors denotes a sum of their components
over this index (for example, ����n�=���xnx+���yny+���znz).

The <rst term in right-hand side of Eq. (2) corresponds
to the current caused by the magnetic <eld-aligned electric
<eld, and the second one—to transverse electric <eld. Since
ve=!e exceeds G1 and G2, more than four orders we neglect
the parallel electric <eld in the wave. To obtain the equation
for transverse components of the wave electric <eld let us
substitute Eq. (2) into Eq. (1) and multiply the equation by
the tensor ����n�. As a result we <nd
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Eq. (3) describes the propagation of the transverse
low-frequency electromagnetic waves in weakly ionized
ionospheric plasma with the ideal longitudinal conductivity.
We assume that homogeneous external magnetic <eld is di-
rected along the x-axis, the wave vector k lies in xy-plane,
and ’ is the angle between k and x. System (3) gives the
dispersion equation for complex refraction index

(n+ i�)2

= c2!2=k2

=
(c2!i=u2!)[ig(1+cos2 ’)±(4 cos2 ’−g2 sin4 ’)1=2]

2(1+g2) cos2 ’
:

(4)

In the case of a lower sign in Eq. (4), it determines the
characteristics of the fast magnetosonic wave propagat-
ing with phase velocity v = u. This wave dissipates in
the lower ionosphere. Let us consider the wave proper-
ties at the Alfven branch corresponding to upper sign in
Eq. (4). Fig. 1 shows the plots for altitude dependence of
the wave phase velocity and the  =� ratio, where  is the
wavelength and � is a depth of the wave penetration calcu-
lated according to Eq. (4). In the upper ionosphere, where
vin�!i, we obtain the following:
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Fig. 1. Altitude dependence of the relative wave phase ve-
locity v=u and relative dissipation  =2��. (u—Alfven velocity,
 —wavelength, and �—depth of the wave penetration).

Note, that Alfven wave propagates with weak dissipa-
tion in the F2-layer, where !�vin ; v = u cos’;  =2�� =
vin=2!�1. At the lower altitudes, where !�vin ; v =
u(2!=vin)1=2 cos’;  =2��= 1, the phase velocity decreases
and dissipation grows. In E-region of the ionosphere, where
!i�vin, we <nd that

v= 2u cos’√
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In the case of g¡ 1, the wave phase velocity is smaller
than that of Alfven wave, and even their absorption is
small. These waves propagate in the lower ionosphere with
small attenuation and they have been <rst investigated by
Sorokin and Fedorovich (1982) and called as gyrotropic
waves (GW). They exist in weakly ionized plasma with
magnetized electrons and non-magnetized ions. It is shown
that GW propagate with small absorption along the Earth
surface in the thin layer of the lower ionosphere at the
heights 100–120 km. The wave properties in homogeneous
and non-homogeneous environments are essentially di@er-
ent. Below, we analyze the dispersion characteristics of GW
with the wavelengths considerably exceeding the width of
the layer. In the lower ionosphere !�vin, the quantities G1

and G2 are expressed through Pedersen ("P) and Hall ("H)
conductivities, i.e.

G1 = 4�u2"P=c
2!i; G2 = 4�u2"H=c

2!i:
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Fig. 2. Altitude distribution of the ionosphere Pedersen ("P) and
Hall ("H) conductivities.

Taking into account this notion we can rewrite Eq. (1) in
the following vector form:

rotrotE− i!
4�
c2

"̂E = 0; (5)

where "̂ is the tensor of ionosphere conductivity.

3. GW propagation in the horizontal homogeneous
ionosphere

For example, let us analyze the basic GW properties in
the ionosphere considering their propagation along the hor-
izontal magnetic <eld directed along x-axis in the Cartesian
coordinates, here z-axis is directed upwards. Therefore, we
obtain from Eq. (5) the equation for Ey and Ez components:(
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The characteristic altitude distribution of the ionosphere con-
ductivity, as shown in Fig. 2 displays two maximums, which
correspond to two layers. At the upper layer, the value "P

is greater than "H. At lower layer (the Hall one), the value
"H exceeds "P by two orders approximately. Therefore, we
can assume that in Eq. (6) "P = 0, for Hall layer. Assuming
a dependence of unknown functions on x as exp(i!x), we
obtain
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−
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(
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]
Ey = 0;

Ez =− i4�!"H(z)
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(7)



24 V.M. Sorokin et al. / Journal of Atmospheric and Solar-Terrestrial Physics 64 (2003) 21–29

Let us choose the origin of coordinates at a height point
of the maximum of Hall conductivity. Interpolate the alti-
tude distribution of Hall conductivity by function "H(z) =
"H0=cosh(z=l) and introduce according to Appendix A new
independent function w=Ey[cosh(z=l)]s in Eq. (7). We <nd
that

w = F
(−s + kl

2
;
−s− kl

2
;
1
2
;−'

)
: (8)

Since the <eld magnitude Ey = E0w(1 + ')s=2 tends to zero
at '→∞, the quantity (−s + kl)=2 should be the integer
negative number (including zero). It determines a spectrum
of normal waves in the Hall layer:

Sn − knl= 2n; n= 0; 1; 2 : : : :

Substituting s from Eq. (A.1), we obtain the following:

!= akn[(knl+ 2n)2 + knl+ 2n]1=2; a= c2=4�"H0l: (9)

Relation (9) gives the connection between frequency and
wave number for each mode of GW. It follows from Eq. (9)
that the phase velocity of GW is determined by the Hall con-
ductivity. These waves exist in an interval of heights, where
the Hall conductivity exceeds the Pedersen conductivity, and
the weakly ionized plasma is essentially gyrotropical. The
phase velocity vn of normal waves is determined as

vn = a[(knl+ 2n)2 + knl+ 2n]1=2:

Phase velocity of the basic mode n=0 approaches zero with
!→0, while the velocities of waves with n=1; 2 : : :, remain
<nite. In a high-frequency limit !l=a�1, the basic mode
(n=0) has dispersion v0 =(a!l)1=2. This corresponds to the
transition to the homogeneous media. In the opposite case
!l=a�1, we have v0=(a2!l)1=3. In a low-frequency limit of
the basic mode, the frequency dependence of the phase ve-
locity coincides with the dispersion law of the waves propa-
gated in an in<nitely thin layer with Hall conductivity. The
group velocity Vn is expressed through the phase by

Vn = 2vn + a2[1− (4n+ 1)(1 + 4v2n=a
2)1=2]=4vn:

For a wave with n = 0 at !l=a�1, we have V0 = (3=2)v0,
i.e. the group velocity exceeds that of the phase. Let us
make the numerical estimations of the parameters. Assum-
ing the maximal value of Hall conductivity in the layer
"H0 = 6 × 106c−1 and their semi-thickness l = 15 km, we
obtain a = 100 km=s. For example, the waves with the pe-
riod T =60 s (!l=a=1:5× 10−2) have phase speeds: v0 =
0:24a=24 km=s; v1 =2:5a=250 km=s; v2 =450 km=s. It is
necessary to notice that the considered layer di@ers in prop-
erties from wave guide, as Eq. (7) to which a <eld satis<es
is not the wave equation. Nevertheless, the waves within the
layer propagate without attenuation, but with frequency dis-
persion, and the modes with large numbers have the large
phase velocity.

The vertical distribution of normal wave amplitudes is
determined by formula (8). In Fig. 3 the dependence of Eyn

on z for three normal waves are given. It is seen from Fig. 3
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Fig. 3. Altitude dependence of the relative electric <eld component
Eyn=E0 for three wave modes. The bottom panel shows the model
of the Hall conductivity altitude distribution: (a) !l=a = 1:0; (b)
!l=a = 0:2; (1) n = 0; (2) n = 1; (3) n = 2.

that within the conducted layer the <eld amplitude of the
basic mode of the wave is practically homogeneous. The
<eld of the waves with higher numbers signi<cantly changes
within the layer. Outside the layer, the <eld exponentially
increases with distance over the wavelength of the appro-
priate mode. For the basic mode at n= 0, we have

Ey0 = E0[cosh(z=l)]
−(!l=a)2=3 : (10)

The slow change of the basic mode <eld across the con-
ducting layer allows to apply the approached method for its
accounts. This method consists of the replacement of real
distribution of conductivity by in<nitely thin conducting
layer "2

H(z) = "2
H0�(z=2l) under the condition kl�1 (where

�(z=2l) is Dirac delta-function, and l is the characteristic
thickness of a conducting layer). Using this method, we shall
estimate the accuracy of the approached solution, compar-
ing it with exact one (10). Let us integrate Eq. (7) on z and
tend l to zero, then we obtain

l
{
dEy

dz

}
+ 2

( !
ak

)2
Ey(0) = 0; {Ey}= 0;
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where brackets {: : :} designate the di@erence of quantities
above and below the conducting layer. The electric <eld
is determined from Laplace equation outside this layer. Its
solution is

z¿ 0 Ey = E0 exp(−kz); z ¡ 0 Ey = E0 exp(kz):

Substituting this solution in the boundary condition, we ob-
tain dispersion relation for a wave in the layer k3 =!2=la2.
Taking into account this relation we shall write down the
electric <eld distribution in the upper semi-area:

z¿ 0 Ey = E0 exp(−kz) = E0 exp

{
− z
l

(
!l
a

)2=3}
:

Let us compare the obtained approached solution with the
exact one, which follows from Exp. (10) at z=l�1:

Ey = E02
(!l=a)2=3 exp

{
− z
l

(
!l
a

)2=3}
:

Di@erence between these solutions is determined by the fac-
tor 2(!l=a)

2=3 ≈ 1 + (kl) ln 2, which is of the order of unit in
the considered approximation kl�1. Thus, the approached
method with a suQcient accuracy allows to analyze the ef-
fects of the wave generation and propagation in the thin
layers by introducing the appropriate boundary conditions.

Below, we take advantage of this method for the analysis
of absorption of GW. We believe that the conductivity of
ionosphere is concentrated within two Rat layers near the
plane z = 0. We have non-zero Hall conductivity in the
bottom layer and non-zero Pedersen conductivity in the top
layer. The ideally conducting Earth coincides with the plane
z = −zl. In the Earth-ionosphere layer, the conductivity is
assumed to be zero. From Eq. (6) we obtain the equations
for Ey in the layer with Hall conductivity
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and in the layer with Pedersen conductivity(
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"P(z)Ey = 0: (12)

Integration of the equations on z at the condition that the
width of the layers will tend to zero leads to boundary
conditions for components Ey and its vertical derivative at
transition through each of these layers. Assuming the <eld
dependence on x as exp(ikx) we obtain a boundary condi-
tion for the layer with Hall conductivity{
dEy

dz

}
+
(
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"2
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and for a layer with Pedersen conductivity{
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}
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"P(z) dz Ey = 0; {Ey}= 0:

Equating the distance between the layers to zero and putting
these expressions, we <nd the boundary conditions connect-
ing mean values of tangential components of an electrical

<eld and its vertical derivative above and below the iono-
sphere{
dEy
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}
+
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Ey = 0; {Ey}= 0: (13)

As the velocity of electromagnetic wave in the upper iono-
sphere and in the Earth-ionosphere layer is much higher than
the velocity of GW, the <elds in these areas determined from
the Laplace equation have the following form:

Ey = Ey0 exp(−kz); z ¿ 0;

Ey = Ey0 sinh[k(z + z1)]=sinh(kz1); −z1 ¡z¡ 0:

Substituting this solution in the boundary conditions (13),
we obtain

!2 + iv!k2 − k3a2l[1 + coth(kz1)] = 0; (14)

where
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:

Expression (14) is the dispersion equation for GW in the
lower ionosphere accounting absorption and inRuence of the
ideally conducting Earth.

4. Calculation of ULF 'eld oscillations on the
ground during the occurrence of periodic conductivity
inhomogeneities in the ionosphere

We will consider the generation of GW propagated along
an x-axis by inhomogeneities of ionospheric conductivity.
Let the coordinate dependence of conductivity have a form

"H = "H0(z) + "H1(x; z); "P = "P0(z) + "P1(x; z);

where the index 0 designates the undisturbed conductivity,
and index 1 is its disturbance. Let us present the electric
<eld as a sum Ey =Ey0 +Ey1, where E0 is background elec-
tric and E1 represents a <eld arising during the occurrence
of ionospheric conductivity inhomogeneities. Let us substi-
tute these expressions to equalities (11) and (12). Assum-
ing that the conductivity disturbances are small, and taking
into account the <rst order disturbances of the electric <eld
we obtain the equations for Eyl within the layers with Hall
conductivity:
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and Pedersen conductivity(
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In these equations, the relative disturbances of a Hall and
Pedersen conductivities are entered

h(x) =
"H1(x; z)
"H0(z)

; p(x) =
"P1(x; z)
"P0(z)

:

Let the unknown values depend on coordinate x as exp(ikx).
Using a method stated above, we shall obtain the bound-
ary conditions connecting the tangential components of the
electrical <eld and its vertical derivative above and below
the ionosphere{
dEy1

dz

}
+

1
la2

[(!
k

)2
+ i!v

]
Ey1

=− 1
la2

[(!
k

)2
fH(k; 0) + ifP(k; 0)

]
;

{Ey1}= 0: (15)

In Eq. (15) the following designations are introduced:

fH(k; z) =
∫ ∞

−∞
eikxh(x)Ey0(x; z; !) dx;

fP(k; z) =
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−∞
eikxp(x)Ey0(x; z; !) dx:

During the performance of an inequality (!=k)2�iv! ab-
sorption of GW is weak. Let us assume that the relative
disturbance of Hall conductivity is not less than the relative
disturbance of Pedersen conductivity. This condition is not
basic, however it allows one to simplify the calculations.
Thus, the second term in the right-hand side of Eq. (15)
can be neglected. In such a case, when horizontal scale of
E0(x; z; !) variation, representing the undisturbed <eld, ex-
ceeds the horizontal scale of disturbed area, it can be taken
from a sign of integral: fH(k; z) = Ey0(z; !)H (k), where
H (k) is Fourier image of h(x)

H (k) =
∫ ∞

−∞
dx eikxh(x):

Substituting the solution for <elds above the ionosphere and
in the Earth-ionosphere layer into the boundary conditions
(15), we obtain

Ey1(!; k) =−Ey0(!)
!2H (k)

!2 − !2
0(k) + iv!k2

; (16)

where !2
0(k) = 2la2|k|3.

As an example, we choose the relative disturbance of
Hall conductivity as h(x) = C(x) cos(k0x), where C(x)
slowly varies on scale l0 = 2�=k0. Taking into account the
quasi-periodic character of h(x) variation in Eq. (16) it

is possible to <nd the approximate expression for inverse
Fourier transform in k, having obtained the spatial structure
of a spectrum of GW

Ey1(!; x)
Ey0(!)

=
i!2

4!0u

[
e−ik0x

∫ ∞

0
C(x + s)eisq ds

+ eik0x
∫ ∞

0
C(x − s)eisq ds

]
; (17)

where u= d!0(k0)=dk0; q = !2 − !2
0 + iv!k20 =2!0u.

The electric <eld disturbance Ey1 generates an additional
current in the ionosphere. The magnetic <eld of this current
can be observed on the Earth’s surface. Using the Maxwell
equation rotE= i!B=c, and the expression determining the
electric <eld in the Earth-ionosphere layer, it is easy to show
that the magnetic disturbance on the ground is also de<ned
by Eq. (17):

Bx1(x; !)
Bx0(!)

∣∣∣∣
z=−z1

=
Ey1(x; !)
Ey0(!)

∣∣∣∣
z=0

:

Let us choose the model distribution C(x)=A exp(−|x|=L).
Then integrals (17) are expressed in elementary functions

Bx1(x; !)
Bx0(!)

= A
(!=4)2

1 + (qL)2
{e−|x|=L[sin(k0|x|)

−(qL) cos(k0|x|)] + i exp[i(k0 + q)|x|]}; (18)

where 4 =
√

2!0u=L.
The estimates show (Fatkullin et al., 1981) that a =

4 × 104 m=s; v = 2 × 108 m2=s. According to the satellite
data (Chmyrev et al., 1997), the characteristic sizes of the
disturbed ionosphere area 2L is few hundred kilometers,
and spatial scale of disturbance d = l=2 = �=k0 is tens of
kilometers. For accounts we assume the size of the relative
disturbance of Hall conductivity A=0:1 and L=105 m. The
diagram of relative disturbance of the geomagnetic Ructua-
tions spectrum |Bx1(x; !)=Bx0(!)|, found from formula (18)
for epicenter, is given in Fig. 4. It is seen that the relative
disturbance is maximal at the !m∼2 and 5 Hz frequencies
for two spatial scales of disturbance d = l=2 = �=k0, and
its magnitude in epicenter reaches approximately 20–25%
of the undisturbed value. It has been calculated by formula
(18) that the average value of the spectrum maximum
amplitude 〈B1(x; !m)〉=B0(!m) depends on the x distance
from epicenter of the disturbed region. The result of this
calculation presented in Fig. 5 enables one to <nd a spatial
scale of the region, where ULF pulsations can be observed.
As follows from Fig. 5, this spatial scale is of the order of
200–300 km.

5. Conclusion

It is shown that the interaction of background electro-
magnetic noise with periodic horizontal inhomogeneities
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Fig. 4. The calculated normalized spectrum of geomagnetic oscilla-
tions for di@erent spatial scales of inhomogeneities. (1) d=15 km;
(2) d = 30 km.
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Fig. 5. Dependence of average value of the spectrum maximum
amplitude on the x distance from the epicenter of the disturbed
region.

of ionospheric conductivity with the spatial scale over
10 km results in the generation of electromagnetic waves
with a narrow-band spectrum. Various sources generate
background electromagnetic noise in ULF range. The most
powerful are thunderstorms. Oscillating noise of the elec-
tric <eld forms the polarization currents by conductivity
inhomogeneities in the ionosphere. These horizontal pe-
riodic electric currents with the spatial scale ∼10 km are
considered as a source of GW. Generation and propaga-
tion of these waves lead to the excitation of the narrow
band magnetic oscillations at 0.1–10 Hz frequencies on
the ground, which result in interference e@ect. Its value in

epicenter reaches approximately 20–25% above the undis-
turbed background level. The spectral maximum amplitude
decreases dependence on a distance from epicenter. The
spectral maximum frequency decreases monotonously the
dependence on the spatial scale of inhomogeneities.

The calculations show that the characteristic frequency
of geomagnetic pulsations connected with GW belongs to
ULF range 0.1–10 Hz of electromagnetic emissions regis-
tered, for example, by Kopytenko et al. (2001) before earth-
quakes. The electromagnetic emissions with the maximal
frequency over units of Hz during seismic activity and vol-
canic eruptions have been observed by Rauscher and Van
Bise (1999). From the presented model, it follows that if
some irregularities of the ionospheric conductivity with var-
ious spatial scales exist simultaneously, then perturbations
on the Earth surface can be observed in several, connected
to them by spectral bands. Note that the spectrum maxi-
mum frequency depends essentially on the volume of Hall
and Pedersen ionospheric conductivity, angle of magnetic
<eld inclination, azimuth of direction of the wave propa-
gation, and spatial scale of conductivity irregularities. The
variations of these parameters lead to the change of the
spectrum maximum frequency over a wide range. Using a
simple model, we illustrate the generation mechanism of ge-
omagnetic pulsations. For analysis of the experimental data
received during seismic activity on the basis of this mecha-
nism, it is necessary to develop a submitted model. There-
fore, in the present work, we are limited by the estimations
of the geomagnetic pulsation characteristics. For discover-
ing ULF pulsations connected with GW in the ionosphere,
it is necessary to provide the precise measurements of the
wave phase delay in some points of the Earth’s surface. The
horizontal velocities of the ULF waves propagating from
the epicenter must be of the order of 10–100 km=s. Those
velocities should be increased depending on the frequency
growth.
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Appendix A

Below we <nd the solution of Eq. (7). For the function
w we obtain

d2w
dz2

− 2s
l
tanh

( z
l

) dw
dz

+

{
s(s + 1)[sinh (z=l)]2

l2[cosh (z=l)]2

− s
l2

+
(

4�!"H0

c2k cosh(z=l)

)2
− k2

}
w = 0:
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Parameter s is determined from a condition of the constancy
of coeQcient in the bracket at unknown w

s(s + 1)[sinh (z=l)]2 + (4�"H0!l=c2k)2

l2[cosh (z=l)]2
=

s(s + 1)
l2

:

Hence, we obtain

s =
1
2

−1 +

√
1 + 4

(
4�"H0!l

c2k

)2 : (A.1)

The equation for w with parameter s determined from
Eq. (A.1) has the following form:

d2w
dz2

− 2s
l
th
( z
l

) dw
dz

+
(
s2

l2
− k2

)
w = 0:

The variable replacement according to ' = [sinh (z=l)]2

transforms this equality to the hypergeometric equation
(Bateman and Erdelyi, 1953)

'('+ 1)w′′
'' +

[
(1− s)'+

1
2

]
w′

' +
1
4
(s2 − k2l2)w = 0:

The solution of this equation is the hypergeometric function:

w = F
(−s + kl

2
;
−s− kl

2
;
1
2
; −'

)
: (A.2)
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